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Abstract. We investigate, in a fairly general setting, the limit of large volume 
equilibrium Gibbs measures for elasticity type Hamiltonians with clamped bound- 
ary conditions. The existence of a quasiconvex free energy, forming the large de- 
viations rate functional, is shown using a new interpolation lemma for partition 
functions. The local behaviour of the Gibbs measures can be parametrized by 
Young measures on the space of gradient Gibbs measures. In view of unbounded- 
ness of the state space, the crucial tool here is an exponential tightness estimate 
that holds for a vast class of potentials and the construction of suitable compact 
sets of gradient Gibbs measures. 

1. Setting and results 

The aim of the paper is to derive, in a mathematically rigorous way, macroscopic 
elasticity with variational principles formulated in terms of nonlinear elastic free 
energy from equilibrium statistical mechanics with gradient Gibbs measure on the 
space of displacements of individual atoms, based on a microscopic Hamiltonian. 

We begin with the microscopic description. In general, we consider the space of 
microscopic configurations X : Z"^ — )■ M™. This includes the case of elasticity where 
we actually have m = d with X{i) denoting the vector of displacement of the atom 
labelled by i as well as the case of random interface with m = 1 and X{i) denoting 
the height of interface above the lattice site i. 

For any fixed F : Z*^ — )■ and any finite A C Z'^, the Gibbs measure fiA^yidX) 
on (M™)^ under the boundary conditions Y is defined in terms of a Hamiltonian 
H with a finite range interaction U. Namely, let a finite A C Z'^ and a function 
U : (M'")^ ^ M be given. We use Rq = diamA to denote the range of potential U. 
We also assume that U is invariant under rigid motions (i.e. f/(R(raX)) = U{X) for 
any X e (M'")^ and any R e SO{m), a e R"", with R{TaX){i) = R(X(z) + a)). In 
addition, suitable growth conditions on U will be specified later and, for simplicity 
(and without loss of generality), we suppose that {0, ±ei, . . . , ie^} C A, where 
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ei,...,erf are the unit vectors in coordinate directions. Using to denote the 
restriction of X to A for any X : Z'^ — t- and any A C Z*^, we introduce the 
Hamiltonian 

H^{X)= U{X,^^A)) (1.1) 

with Tj{A) = A + j = {i: i — j& A}. The corresponding Gibbs measure on (R"^)'^ 
(equipped with the corresponding Borel cx-algebra) is defined as 

/.A,y(c^x) = ^^^Pi^^?^a^,Hx) n^^lO (1-2) 

with 

^A,y= [ exp{-/3ifA(X)}]lA,y(X)rrdX(z). (1.3) 

Here, we introduce boundary conditions by considering a fixed configuration Y in 
the boundary layer 

^^,^(A) = {i G A|dist(i, Z'^ \ A) < Ro} (1.4) 

and restricting the configurations X to the set 

{X G (M™)^ : |X(2) - F(i)| < 1 for all i G ^Ro(A)} (1.5) 

with the indicator lA,y(X). In the following we consider the inverse temperature (3 
to be incorporated in the Hamiltonian and skip it from the notation. 

In the standard setting of elasticity theory, we are interested in the macroscopic 
equilibrium configuration in an open set f2 C M*^ under fixed boundary conditions 
u: dQ — M™. To link this with the microscopic description, we superimpose a finite 
lattice over Q. Namely, for any e G (0, 1), let 

fi, = i (eZ'^ no) =Z'^n ^Q. (1.6) 

Naturally, and eZ"' denotes the rescaling of Q and Z"' by ^ and e, respectively. 
We will assume certain regularity of the boundary dQ of the domain Q. Namely, 
using dgfl to denote the intersection of the ^-neighbourhood of the boundary dfl 
with Q, 

di,Q = {x eQ: dist(a;, dQ) < g}, g> 0, (1.7) 

we assume that f2 is a domain with Lipschitz boundary that allows to check the 
following condition: 

(Ag) There exist constants po, Eq, and Cq such that, for any g < po and e < Sq, 
the number of points in the strip Spj^ = {dQQ)s = {i E Qe \ ie E dgfl} is bounded as 
\Sp/s\<e~''C3\dQ\g. 



NONLINEAR ELASTIC FREE ENERGIES AND GRADIENT YOUNG-GIBBS MEASURES 3 



Further, for any u G Li,ioc(M'^, M""), let X^^, : Z'^ ^ M"* be defined by 

XuA^) = --f u{y)dy (1.8) 

for any i G Z"'. Here, Q{e) = [— |, § denotes the mean value. On the other 

hand, let 

lie ■■ (M™)f ^ W^^^W^) (1.9) 
be a canonical interpolation X ^ v such that v{ei) = eX{i) for any i G Z*^. Here 
{W^)q'' is the set of functions X : 1/ ^ R™ with finite support. To fix the ideas, 
we can consider a triangulation of Z*^ into simplices with vertices in eZ'^ and choose 
V on each simplex as the linear interpolation of the values eX{i) on the vertices ei. 

Our main task is to study the asymptotic behaviour (with e — )■ 0) of the measure 
/^nE,x„,e(c?^) in terms of minimizers v of the functional j^W{yv{x))dx with the 
boundary condition v = u on dVt. It turns out that the free energy W{L) featuring 
in the above integral is defined, for any affine function L: R"^ — )■ R™, by the limit 

W{L) = -lim£'^|fi|-MogZj,^,i, (1.10) 

where 2'^^ x, is a shorthand for Zq^^ Xl . reflecting the fact that, with an affine function 
L, we actually have Xi^^ii) = L{i) with the condition \X — L\g^ j-^^^ oo — reading 
|ne(X) — L\sr / (n) oo — ^- -^o^ existence of the limit, see Proposition 1.2 below. 

Using VX{i) = (ViX(i), . . . , VdX(i)) for the discrete gradient, VkX{i) = X{i + 
Gfc) — X{i), k = 1,. . . ,d, and defining |VX(i)|^ = Yl^^i \^k^{i)f, our main as- 
sumptions are the following basic restrictions on the growth of the potential U (part 
of the lower bound is the boudedness from below that can be stated, without loss 
of generality, as an assumption of non- negativity) : 

(Al) There exist constants p > and c G (0, oo) such that 

U{XA)>c\VX{0)f 

for any X G (R"^)^'. 
(A2) There exist constants r > 1 and C G (1, oo) such that 

U{sXa + (1 - s)Ya + Za) < C{1 + U{Xa) + U{Ya) + \Z{i)[) 

for any s G [0, 1] and any X,Y,Z e (R™)^'. 

Increasing possibly the constant C to incorporate the term U (0) from (A2) applied 
with s = 1 and F = 0, we have a particular useful implication of (A2) in the form 

u{Xa) < c{i + uiZA) + i^w - ^(^)r)- (1-11) 

i£A 
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Remark 1.1. In view of the invariance of the function U under rigid motions, it 
actually depends only on gradients VX{i), i E A. With the help of discrete Poincare 
inequality, the condition (A 2) implies 

U{Xa)<C{ |VX«r + l), (1.12) 

with a suitable constant C (again not necessarily the same as that in (A2)) and 
Q{Ro) C Z'^ denoting a cube (of side Rq = diamA) containing A. 

1.1. Free energy. A prerequisite to our main statements is the existence of the 
free energy as a function of the the affine deformation L and its continuity and 
quasiconvexity. 

Proposition 1.2 (Existence of the free energy). 

Suppose that (A2) holds with r > 1. Then, for any affine L : M"' — ?■ M™, the limit 

W{L) = -\ime''\n\-^\ogZn,^L (1.13) 
exists and does not depend on Q. 

Remark 1.3. Instead of the condition (A2), it is enough here to assume that U{Xa) 
is bounded by a fixed constant for any X such that \X{i) — L{i)\ < 1 for all i E A. 

Proof. The existence of the hmit and its independence on Q follows easily by the 
standard methods with the help of an approximative subadditivity (of — logZA,L): 
if A C Z"' is finite and Ai and A2 are its disjoint subsets, Ai U A2 = A, then 

logZA,i > log^A^L +l0gZA,,i - fi(L)|5(Ai, A2)|, (1.14) 

where B{L) = C(l + C + (1 + Cd\\Lf)R^) is a constant and 

5(Ai, A2) = A n (Ai)^., n (A2)/j,„ (1.15) 

where (Afc)/?^, k = 1,2, is the i?o-iieighbourhood of A^. Indeed, using the the 
assumption (A2) (resp. its implication (1.11)), we have 

f/(X,,(A)) < C{1 + f/(L.,(^)) + Ri), (1.16) 

for all j such that Tj{A) C A and in the same time Tj{A) fl Ai 7^ as well as 
Tj{A) n A2 7^ (which implies Tj{A) C S'(Ai,A2)). Hence, 

Ha{X) < Hj,,{X) + Ha,{X) + 5(L)|5(Ai, A2)| (1.17) 

for any X satisfying ]1ai,l(-^)1a2,l(^) = 1- Thus, restricting first the range of 
integration in the definition of Za,l by inserting the indicator ]1ai,l(-^)]1a2,l(-^) 
(notice that 1ai,l(-^)]1a2,l(^) < ^k,L{X)) and using then the inequality (1.17), we 
get the claim. □ 
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Proposition 1.4 (Quasiconvexity of the free energy). 

Assume that U satisfies the assumptions (Al) and (A2) with r, p>l, i>i — 
The free energy W{L) is continuous with r growth, 

\W{L)\<Cil+\\Lf), (1.18) 

it is quasiconvex, and, as a consequence, W(Vv{x))dx is a weakly lower semicon- 
tinuous functional on W^'^{Q). 

Remark 1.5. Notice that, in general, form > 2, we should not expect that the free 
energy is convex. We provide an explicit class of examples in Section 2. 6. 

The proof of this and the remaining statements in this section is deferred to 
the next section as it hinges on the crucial Interpolation Lemma and Exponential 
Tightness Lemma to be stated there (and proven in the Appendix). 

1.2. Large deviations. Before formulating the theorem whose consequence is the 
large deviations principle for the measure iJiQ_^^x^^{dX), we introduce several re- 
stricted partition functions. For any finite K G 7/ and any set S C (M'")'^, we 
write 

Z^{S) = [ exp{-Hj,{X)}T\dX{z). (1.19) 

In particular, for any Y G (M™)^'', 

ZA,y = ZAiMA,R,,oo{Y)), (1.20) 

where J^a,Ro,oo(X) is the set corresponding to the indicator IIa.y, 

^A,Ro,oo{y) = {X:A^ M'"||X(z) - L(z)| < 1 for all z G Sr,{A)}. (1.21) 
Now, for any v G U'{Q), consider the neigbourhood 
ATn^^riv^K,) = {X : fie ^M"'i||ne(X) < K|fi|^+3} ^ (M™)^- (1.22) 

with the corresponding partition function 

ZnA^n,A^^^^))= [ exp{-HnAX)}lldX{t). (1.23) 

- + - 

Notice that the volume dependent factor \Q\ '■ is chosen so that the set Afn^^r{v, k) 
does not change under the rescaling e ^ ae and Vt — aVL with v{x) — )■ (Tw(^). It is 
easy to verify the following equivalences of the corresponding norms (uniformly in 

\\mX) - < e'^'- J2 - ^-,^Wr < 2||n,(X) - (1.24) 
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and 



i||v(n,(x) - tO||i,(^) <e'J2 - vx.,,(z)r < 2||V(n,(X) - v) 



(1.25) 

Using Xe to denote the characteristic function of Q{e) and comparing piecewise 
hnear and piecewise constant interpolation, we get 

||n,(X) -J2^Xs{- - ez)Xmi,.^^^ < 2e'^^ ^ \V X {z)r\X (z)]-" (1.26) 

for any a < 1, which by the Sobolev estimates entails 

\mX) -J2'Xei- - et)Xit)\\l.^^^ < 2e^\mX)f^,,,, (1.27) 

i 

where a = min(l, d + r — —). 

T \ I — 

In view of (1.24), the condition ||n£(X) — "wH/^rj-Q) < ^"^1^1 is, up to a change of 

K multiplying it by a fixed factor, equivalent to XliGf^e l^(^) ~ X^^^{i)\^' < 
This suggests the notation 

^jy^r{Z,K) = {X : A ^W^\\\X - ZW^r^j^^ <K\A\r+-^} (1.28) 

for any A C Z'^ and Z e (W^)^. As observed above, for A = and Z = X^^^, the 
sets Mn^,r{v, '^) and J\fn^^r{Z, k) actually differ only by change of k up to the factor 
2, K — )■ 2k. 

Theorem 1.6. 

Assume that U satisfies the assumptions (Al) and (A2) with with r > p > 1, 
l> '^-^ andletv e W^^P{Vt). Further, let 

F^,,{v) = -e''\n\~'\ogZnAAfn.A^,f^)), (1-29) 

and 

F+{v)=\imsup,^oF.A^) (1.30) 

F-(^)=liminf,^oi^«,.(^) (1.31) 

Then: 

a) lim^^oF~{v) > ^ J^W{Vv{x))dx. 

b) Ifv e W^^'XQ) then lim^^oF+{v) < ^ J^W{Vv{x))d 



X. 



As a consequence, we get the following large deviation behaviour for f^ci^,Xy„Ad-X). 
For convenience, we actually extend the measure fiQ^ Xuei^-^) defined on (M"^)^= to 
(M"")^"* by defining /i^^^ = fin^x^,, x ^ieZ'i\n,Sxu,eii) and adding the assumption that 
the function u is supported on a bounded set in W^. 
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Theorem 1.7 (Large deviation principle). 

Assume that U satisfies the assumptions (Al) and (A2) with r>'p>l,->- ^ 



d> 



and let u G W^'^{VL). If p = r or, more generally, 

/ W{Vv{x))dx = supmi\ W{Vv{x))dx\v e W^'^'i^) + u,\\v - v\\^r < s\, 

(1.32) 

for every v G Wq'^{Q) + u, then the Gibbs measures ^e.u{dX) satisfies the large 
deviation principle with the rate e~'^ and the rate functional 

I{v) = / W(yv{x))dx - min / W{Vv{x))dx. (1.33) 
Jn vew^'''{n)+u Jn 

Namely: 



vew^-''{n)+u Jn 

a) For any C C W^'^iVl) + u closed in the weak topology, we have 



limsupe'^log/i,,„(n;^(C)) < - inf I{v). (1.34) 

b) For any + u open in the weak topology, we have 

liminf £'^log/i,,„(n;i(0)) > - inf I{v). (1.35) 

£— >o veo 

Remark 1.8. Similar statements hold for Neumann or periodic boundary condi- 
tions. 

The existence of v e W^'^iyt) + u such that there is a strict inequality in (1.32) is 
the so called Lavrentiev gap. Thus, our claim about LDP comes under the assump- 
tion of the absence of Lavrentiev gap. 

Remark 1.9. Suppose that F : W^'P{n) — )■ M weakly continuous and has a growth 
strictly smaller then p. Then the rate functional corresponding to H + F o 11^ (i.e. 

the rate functional of the measure jgF(n^(y)f^''|^^) j is 

W{Vv{x))dx + F{v)- min \ W{Vv{x))dx + F{v)]. (1.36) 
Jn vGW^'''(n)+u \-Jn ^ 



We note that large deviation principle has been discussed before (often under 
more restrictive conditions on the potential and in the scalar case m = 1). See, for 
example, [1] (the case of strictly convex potentials and m = 1) and [2] (potentials 
satisfying analog of our assumptions (Al) and (A2) with r = p and with large 
deviation formulated in detail only for m = 1). 

While the large deviation principle clarifies the role of minimizers of the functional 
/ for the description of the "macroscopic" asymptotic behaviour of measures fi^^u, 
our final claim, introducing the notion of "Young-Gibbs" measures, inspects the 
asymptotic "microscopic" behaviour of fie,u- 
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1.3. Gradient Young-Gibbs measures. Here, we will need the Gibbs specifica- 
tion fiA{dX\Y) in the volume A C Z"^ and with boundary condition Y. First, for 
any X,Y E (M"*)^'', we introduce the Hamiltonian 



Hj,{X\Y) = Yl VF).^,(^)), where ^ VF = P ^'j^V^^ (1-37) 

jez^: rj(A)nA7^0 I ° erwise. 

Then, 

f^A{dX\Y) = "-^^^^^^^^^l[dX{z) n Sy^^){dX{^)) (1.38) 



with 



Zj,{Y)= [ exp{-Hj,{X\Y)}TldX{z). (1.39) 

A gradient Gibbs measure (with potential U) is any probability measure /i on the 
space S = (R"^)^7K"'' such that 

Kf) = f f-iA{f\Y)fx{dY) (1.40) 



for any finite A C Z'^ and any measurable function f on S (i.e. a measurable function 
on (M™)^'' invariant under translations in M"^). Notice that for such /, the function 
y — ^ /Ua(/|F) is also invariant under translations in M™ and can thus be integrated 
with the probability measure /i on S*. We use Q to denote the set of all gradient 
Gibbs measures and to denote the set of all e ^ with finite pth moment. Both 
are subsets of the set V{S) of probability measures on the space S. 

Further, we introduce two measure spaces on sets of measures, both with the 
corresponding weak topology: the space V{Q^) of probability measures on and 
the space ViW^'^iSl) + u) of probability measures on W^^iVL) + u (nonnegative 
functionals on bounded weakly continuous functions on Wl'^{Vt) + m of mass 1). A 
probability measure 7 e V{Wl'^{yt)+u) together with a map v : Vtx {Wl'^{yt)+u) — )■ 
V{Q^) C BC{BC{S)*)* that is weakly measurable with respect to 7 x A, where A is 
the normalized Lebesgue measure on is called a gradient Young-Gibbs measure. 

We will show that the measures ^s,u converge, in appropriate sense, to a gradi- 
ent Young-Gibbs measure with a slope condition linking the slope Vv{x) with the 
expectation J 'K^(VX{0)) dh'x,v{fJ')- 

We formulate the convergence in terms of appropriate test functions. Namely, we 
consider the space X of test functions 

ifi : (l<'^(fi) +u)x BC{S)l xQ^R (1.41) 

that are weakly continuous and for any S fulfill the growth condition 

\^{v,f,,x)\<v{x)exp{cJv\\l^)}f,{6E..^^\VX(z)f + Ci6)) (1.42) 
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with a fixed A, 77 G Co{Q) and the constant depending only on ip. 

Theorem 1.10 (Convergence to gradient Young- Gibbs measures). 

Assume that the potential U satisfies the assumptions (Al) and (A2) with r > p > 1, 
i > i — i and let u G W^^'^iyL). There exists a sequence 5„ — )■ and a gradient 
Young- Gibbs measure v with 7 supported, if the functional I has no Lavrentiev gap, 
on minimisers of I in Wq'^{Q) + u such that 



hm hm fie„,u(jQ<^{'n.e{X),fiA{-\ricc/ei{X)),x)dx 



iyx,v{<^{v,-,x))d'y{v)dx (1.43) 



for all if ^ X and 

j E,,(VX(0)) dvxA^^) = Vv{x) (1.44) 
for almost all x and almost all v (with respect to 

The idea of of gradient Young-Gibbs measures has its precursor in the non- 
stochastic case, where the Young measures and the methods of F-convergence were 
often used in the context of nonhnear elasticity (see [3] for a review). We were also 
inspired by the procedure of two-scale convergence that is used in homogenization. 
See, for example, [4]. Whenever there is a unique Gibbs measure corresponding to 
the affine mapping L = \/v{x), the measure u^^v is actually a Dirac measure. For 
the scalar case, m = 1, the unicity of Gibbs measure corresponding to a fixed slope 
has been proven for a class of strictly convex potentials [5]. Notice, however, that 
even in the scalar case, this is not always the phase transitions may occur 

[6]. 

2. Proofs 

2.1. Exponential Tightness. Here, we first state two crucial Lemmas (with the 
proofs deferred to the Appendix) and then, using them, we prove the claims from 
Section 1. In the following, we consider m,d, and Q to be fixed (often without 
explicitly mentioning the dependence of various constants on these parameters). 

The first technical Lemma assures a needed tightness of finite volume Gibbs mea- 
sures when conditioned on the neighbourhood ^fn^^r{v, k). Let, for any K G (0, 00), 
the set M.^ be defined by 

Mk = {a: : fi, mr\H^xx) > K\n,\}. (2.1) 

Lemma 2.1 (Exponential Tightness). 

Assume that U satisfies the assumption (Al). There exists a constant Kq and, 
for any r, and k, a constant Eq = eo{r, k) such that, for any e < Sq, K > Kq, 
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u G Li ;oc(^; and V G ^^{VL), we have 

ZnAMKr}Nn^,n,,oo{Xu,e)) < e"^^!^^!/}!^^! (2.2) 

and 

ZnAMKnM^^,r{v,K)) <e"\''\''^\D\''^^\ (2.3) 
with D = 2(|)~c(p, m), where c{p,m) = J^^exp(^—\^f)d^. 

Remark 2.2. We refer to the above claim as the exponential tightness since, under 
additional assumption (A2), it implies that 

I^sA^k) - ^777 (Y \\ - 

< e-^^l^-^l(D/a;(m))l^^lexp(C(i/n,(X„,,) + (1 + i?^)|fi,|)) (2.4) 

with uj{m) denoting the volume of a unit hall in . Indeed, considering the l°°{VLir)- 
neighbourhood 

A/n„oo(^) = {X : a ^ W^WXii) - Z{i)\ < 1 for all i G fij, (2.5) 
and using (A2) in the form (1.11), we get 

(2.6) 

Similarly, observing that for any X G J^n^,ooiZ) and a sufficiently small e, we 
have l^^el^'''^ > 2/k and thus 

- z{i)[ < lai < (f)nar+^ (2.7) 

implying Mn,,oo{Z) C JIn,,r{Z, «^/2) C Mn,,r{'"^ '^)' d^-t 

ZnAMKnM..Av n)) ^ ^-j.i«,(B/^(,„),i„.i e,p(c(ff„.(z) + (1 + flSiai)) 

\-I^D,e,r\y, K,)) 

(2.8) 

for any Z G Mn,,r{v, n/2). 

2.2. Interpolation. The crucial step in the proof of the Large Deviation state- 
ment is based on the possibility to approximate with partition functions on cells 
of a triangulation given in terms of L''-neighbourhoods of linearizations of a min- 
imiser of the rate functional. An important tool that will eventually allow to 
impose a boundary condition on each cell of the triangulation consists in switch- 
ing between the corresponding partition function ZQ^^Afn^^riv, k)) and the version 
Zn^{N'ni,,r{v,2hi) n A/q^, oo(^)) with an additional soft clamp \X{i) — Z{i)\ < 1 
enforced in the boundary strip of the width Rq > diam(yl) with Z G N'n^,riv, k) 
arbitrarily chosen. 
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Fixing parameters 77 > and G N, we will slice the strip djj/^Q^ into strips of 
width ^ that will provide a framework for the interpolation. Recalling the notation 

F^,,{v) = -e''\n\~'\ogZnA^fnA^',^^)), (2.9) 
we have the following claim. 
Lemma 2.3 (Interpolation). 

Suppose that U satisfies the assumptions (Al) and (A2). There exist constants kq, b, 
and C (depending onc,C, Rq, \dQ\, p, and m) and a function eo{K,,ri, N) such 
that 

(Z))x 

xexp{C{C-±^ + r^ + {^y)e-'+ ^ f/(^.,{^)))} (2.10) 

for any v G L^{^), any 1% < kq, r] > 0, N E N, Z E Afn,,r{v, k) , and any e < 
eo{K,r],N). 

Remark 2.4. Applying the lemma, we are only interested in the case when r > p > 
1. However, it is actually valid for any r > p > 0. 

2.3. Equivalent definitions of the free energy. Before attending to the proofs of 
our main Theorems, we will introduce several alternative partition functions yielding 
the same free energy W{L) as that defined in Proposition 1.2. 

As suggested above, one possibility is to relax the boundary condition and to con- 
sider, instead, the configurations that are ^''-close to L by taking Zn_^{Afn^,r{L, k)) as 
defined in (1.23). The same limit is obtained also by combining both and considering 
the partition function Zn,(A/'n,,r(-^, «^) ■f^n,,B.o,oo{L)). 

Lemma 2.5. 

Suppose that U satisfies the assumptions (Al) and (A2) with r > p > 1, ^ > ^ — 
and let L:W^ ^ he affine and W{L) be as defined in (1.13). Then: 

a) We have 

-\ime''\Q\-'\ogZn,{Arn.AL,^)nArn,,R,,oo{L)) = W{L). (2.11) 

e— >0 

In particular, the limit does not depend on n and Q. 

b) Using 

W^{L) = -limsup£^|f]rMogZn,(Arf,^,.(L,«:)), (2.12) 

£-5-0 

we have limK_>.o W^k(-^) = W{L). 

c) The free energy W{L) satisfies the bounds b < W{L) < B{L) with b = ^-j logc — 
log c(p,m), where c{p,m) = J^^ exp[—\$^f)d^, and B(L) = C[[l + d\\L\\^)RQ + 1 + 

c]. 
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Proof, a) Using the shorthand Z\^f,{L) = Z/<^{AfA^r{L, nA/A,if,o,oo(-^)), the existence 
of the hmit and its independence on Q follows easily by an obvious monotonicity 
in K, and by standard methods with the help of approximative subadditivity (of 
— log Za,k(-^)) similar to (1.14), 

log Za,«(L) > log Za,,«(L) + log Za,,«(L) - 5(L) |S(Ai, A2) I . (2.13) 

In addition to inserting the indicator ]1ai,l(X)]1a2,l(-^), we also observe the following 
inclusion, Mp^^^ri.L, k) r\MA2,r{L, k) C M\^r{L, k). Here, by A/'Ai,r(-^, ^) ^J^A2,r{L, k) 
we mean a shorthand for the set 

{X G (M'")^ : Xa, G ^A,,r{L, f^) and Xa, G ^a^A^. «:)}• (2.14) 
Indeed, for any X G AfAi,r{L, k) fl AfA2,r{L, n), we have 

- ^(«)r < «^'(iAii'+5 + iA2r^5) < (2.15) 

since, using ^ to denote ^ = with 1 — ,^ = we have + (1 — 0"^^^ — 1- 
To prove that the limit, denoted momentarily as 

W^{L) = -\ime''\n\-'\ogZnM.AL,K)n^n^,no,oo{L)), (2.16) 

actually does not depend on k, we first use the independence on Q and consider 
the limit above with a cube ^2. Notice that the cube obtained as the cube fle/2 
rescaled by the factor 2 consists of a disjoint union of 2'^ shifts of copies of the 
cube Qe, = ^k=i,...,2dThi^e), \^e\ = 2'^|fie|. We have r^k=l,,,,^2^l^fT,Jn,)AL,l^) C 
Nq^^j,{L, k/2). Indeed, for any X G ^k=i....,2dJ^Ti^,{n^),r{L, n), similarly as in (2.15), 
we have 

J2 i^w - ^(or < 2V|n,i'+^ = 2V(2-'^in,i)^+5 = (f)''in,i'^^. (2.17) 

As a result, 

log%,,/2(L) = logZn,^^,,/2{L) > 2^1ogZn,,« - BiL)2''\dn\e-'^'Ro. (2.18) 

Multiplying by -(e/2)'^|fi|"^ and taking the limit 5 ^ 0, we get W^,/2iL) < W^{L). 

On the other hand, Wk/2{L) > Wk{L) since Wk{L) is clearly decreasing in k. 

Combining discrete Poincare inequality with the assumption (Al), we see that for 
any fixed K and k, we have Mq^A^i '^Y ^ A4.{K) for sufficiently small e. Then, by 
exponential tightness, for any fixed 5 and sufficiently small e, 

ZnA^nAL,^) r}Mn^,R,,oo{L)) > (1 - 5)ZnA^n^,Ro,oo{L)), (2.19) 
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implying that the hmiting value = W satisfies, for any 6, the inequalities 
W{L) < W{L) = -\ime''\n\-'\ogZnMeAL,K)nArn^,R,,oo{L)) < 



< - lime''\n\-'log[il - 5)ZnMn.M,oo{L))] = W{L). (2.20) 

b) Choosing v = L and Z = L {Z{i) = L{i) for each i G fi^) in the interpolation 
lemma, we get 

W{L) > W,{L) > W{L) - C(^±l^ + + {^f + r^\\LfCa\dn\) (2.21) 
yielding 

WiL) > lim WJL) > W(L) - c(^±iHB^£^fiM^ + ^(i + \\LrC9\dn\)) (2.22) 

for arbitrarily small 77 and arbitrarily large N. 

c) The lower bound follows from the inequality 

ZnUL) < c^(m)(c"'"/MP,H)"''', (2-23) 

obtained with help of (Al) and the bound from technical Lemma A.l a) proven 
in Appendix. For the upper bound, we just take into account that Mn^,oo{Z) C 
■f^n^,r{v, k) for sufficiently small e (cf. Remark 2.2), to get 

Zn^AL) > u;(m)l^^l exp(-C(C(l + dR^jLf) + (1 + R^^)) \n,\) (2.24) 

similarly as in (2.6) with the bound U{L) < C{1 + dR^\\Lf) resulting from (A2) 
(in the form from Remark 1.1). □ 

Finally, we can enforce a version of approximate periodic boundary conditions 
yielding again the same free energy W{L). Namely, consider the sets 

AfP^''%L) = {X : ^ M™: \X{i + ^) - X(i) - ^\ < 2 Vi G Z^j = l,...,rf}, 

(2.25) 

and 

Afr^iL, K) = {Xe ArP-'^(L) : ||n,(X) - < k}, (2.26) 

and define 

(A/'^^^'^'^W) = /" exp{-i7[o,i]% W} n dXit) (2.27) 

and, similarly, also Z^^^i^d ^ {M^'^^'^{L, k)). Here, we use [0, l]f^fig to denote the set 

e Z'^ : G [-i?o, + /?o], J = 1, • • • , 4- (2.28) 
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Observing that 

<Z[o,i].^^(Arfo^i].^^,,(L,/s:)) (2.29) 

and applying the preceding lemma, we get 

iy(L) = -limlim£^logZP;;,, {Mr''{L,K)). (2.30) 

Similarly as in Lemma 2.5 (b), we obtain the same limit also with Zy^^^d ^ {^/^'^^''^{L)): 

Lemma 2.6. 

Suppose that (Al) and (A2) hold with r > p > 1 and ~ > ~ ~ ^- Then the free 
energy W{L) from Proposition 1.2 equals 

W{L) = -limlime'^logZP;^ {Mr'%L,^^)) = - lim e'^ log , (Af^^^'^L)). 

(2.31) 

2.4. Proof of Large Deviation Principle. To prove Theorem 1.6, we begin by 
considerng, for any g > and z G Q{g) = [— |, ^Y, the lattice 

= {gZy + z={xe {g%Y + z] . (2.32) 

Our strategy will be to approximate the integrals Zn^(0(f)) over suitably chosen 
neighbourhoods 0(f), v G W^'P{fl), by a product of contributions over cubes ob- 
tained from Q{g) by shifts from C^^z- Here g and z will be chosen so that the function 
V is, on each cube x + Q{g) for which x + Q{g) C fi, well approximated by its linear 
part C^v defined at x by Cxv{y) = Vv{x) ■ y + j-^^g^^^ v(t)dt and, in the same time, 
the sum of the contributions iy(Vf (x)) over the linear patches is well represented 
by the integral W{Vv{x))dx. 

To show that such a choice (of g and z) is possible, we will use the following "blow 
up" lemma (the Corollary below) with a function f{x) related to an approximation 
of iy(Vf (x)) and the functions v^^g representing the difference v — CxV; explicitly, 
we define 

v(x + gy) — i , ^, . v(t)dt 
= + Qy) - ^Mqv)) = ^^^'^ - V^(x) ■ y (2.33) 

for any x G Cg^z and any y & Q = Q{1). For v G W^''^{Q), the function w.,g(-) is 
considered as belonging to Lp{Q, Vr^'^(f2)). 

Lemma 2.7. Let r>p>l, ^>^ — ^, and let v G Wq'^{M.'^). Then there exists a 
function : — such that \imQ^oUy{p) = and 
«^ iQ(,) Exec,., ^'^(/q(i) \^VxAy)\''dy)dz < u„{p), 
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Proof, a) Notice first that for any w > we can clioose g sufficiently small, to get 
/ / \Vv,j:^i>{y)fdydx= / / \Vv{x + gy) -Vv{x)fdydx < u (2.34) 

Jwi Jo ' JR-i Jq 



by Lebesgue differentiation theorem. Rewriting the integral J^^ Jn \^Vx,g{y)fdyd. 



X 



in the form of the sum /^^^^ Y^xeCe., Iq \'^^x,e{y)\^dydz, we get 

-d [ {(^'Y. f \^VxAy)Tdy)dz<u. (2.35) 

b) Follows from a) by Sobolev imbedding. □ 

Corollary 2.8. Let v E W^'^'iR'^), 5 > 0, f E Li(M'^), and let £ < f^^ f{x)dx. Then 
there exists a constant qq = go{v, /, £, 6) and for each p < po a point z E Q{g) such 
that 

5^ f?' /" |Vt;,,,(l/)rrfy<5 and f?" /(x) > £. (2.36) 

Proof. Interpreting the integral in (2.35) as the mean over Q{g) of the function in 
the brackets and using JUs C Q{g) to denote the set of points for which the first 
inequality in (2.36) is not valid, 

Ms = {zEQig)\g' Yl [ \'^^xAy)fdy > 6}, (2.37) 

we can apply Markov's inequality to get 

\Ms\ < (2.38) 



On the other hand, assuming without loss of generality that / < KlQ(^ji) for some 
(large) K and R and denoting F{z) = g'^ Xlx-e/:^ , f{^\ "we have F < KR^ with the 
mean over Q{g) satisfying 



Denoting 
we get 

Hence, 



lF{z)dz=f g~'^F{z)dz= ( f{y)dy> £. (2.39) 

Mi = {zE Q{g) I F{z) < £}, (2.40) 
J f{y)dy = j F{z)dz < ig-^lMil + KR\l - g-''\Mi\)- (2-41) 



l-,-^M,\>^-^i^. (2.42) 
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A point z satisfying simultaneously both bounds in (2.36) thus exists once 1 — 
Q^'^\M.i \ — '^^^^ > e for a fixed e and g small. For this to hold, it is enough to choose 
LOy (and corresponding q) sufficiently small. □ 

Theorem 1.6 a) follows directly from the following lemma. 

Lemma 2.9. For every 6,k,M G (0, oo) and any v G W^'''^{Q) with r > p > 1, 
- > - — 4, there exists k such 

r p a' 

ZnMA^r^))<exp{e-''{- [ {W^{Vv{x)) A M)dx + 6)} (2.43) 

Jo. 

for sufficiently small e. 

Remark 2.10. Whenever J^W(Vv{x))dx < oo, we infer by Lebesgue theorem that 

ZnA^nA^,k)) <exp{e"'{- [ W{Vv{x))dx + 6)} . (2.44) 

Jn 

If W{'Vv{x))dx = oo, we can show that for any M there exists e{M) so that 

ZnMA^, ~^)) < exp{-£-'^A'/} (2.45) 

fore < e{M). 

Proof. Replacing v by an extension to W^'^iW^) with compact support, we apply 
Lemma 2.8 with f{x) = (Wi^CVvlx)) A M)1q{x). Thus, for any constant 6 > and 
any qq, there exists g < go and a point z G Q{g) such that 

\^^^-Ay)fdy<~5 and (2.46) 
/ y2 A M)Mx) > [ {W,{Vv{z)) A M)dz - I (2.47) 



Now, let us consider the vector k = {tix^x G Cg^z] with = \ Vvx,e{y)Tdy, and 
the neighbourhood 

Ok.{.v)= Pi N'r^{Q(e))nuA^xV,i^x)- (2.48) 

Cf. (1.28) for the definition of Mk^v, k). 

Using (Al), we have Hn,{X) > J^xec.A^) HMQis)hnnAX)- Thus 

Zn,{OAv)) < Yl Zr,(Q^(,))^_{Afr:,iQ{s)),nn,A^xV,i^x))- (2.49) 
Above, we take ^r4Q{e)).(M-,(Q(p)),nn,,r('C^^^, /^x)) = 1 whenever Tx{Qig))ef^^e = 0- 
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Taking now limsup of the appropriately rescaled logarithm of (2.49), we get 
\imsnpe'^\ogZn^(0^{v)) < limsupe'^logZ^^(Q(g))^(A/;4Q(g))^nn,,r(>C^^^, ft^^)) = 

= J2 W,^{Vv{x))Mx)<-g'' {W.A^v{x)) A M)Mx) < 
< -q" Y1 iW,i'^v{x))AM)lnix)-g'' {W,^iVv{x))AM-W,{Vv{x))AM)ln{x). 

'^^^ Q,Z "^^Cj Q^Z 

(2.50) 

The absolute value of each term in the last last sum can be bounded by M + |6| 
with b the lower bound from Lemma 2.5. In the same time, the number of terms 
for which > k is, in view of the bound ^ Q^f^x < bunded by < Q~'^-^- 

In summary, observing that for sufficiently small k the set Mf^^ri^, k) is contained 
in the intersection Oi^{v) of a finite number of open sets, we are getting, for suffi- 
ciently small e, 

e''\ogZn^{0^{v)) <- / W^{Vv{x))dx + {M + \b\)— + 6 (2.51) 

Jn ^ 

obtaining the claim by choosing sufficiently small p and 6. □ 

For the lower bound. Theorem 1.6 b), we have to use Interpolation Lemma again 
(more precisely, we use Lemma 2.5(a) that is based on it). 

Lemma 2.11. a) For every 5, k G (0, oo) and any v G Vr^'^(f2), we have 

Zn,{Af^A^,K))>exp{e-''{- [ W,/2{Vw{x))dx - 6)} (2.52) 

Jn 

111 

ifw is a piecewise linear function such that \\w — v\\^^. < '■ and e is sufficiently 
small. 

b) For every 5, k G (0, oo) and any v G W^'^{Q), we have 

ZnA^AAv,f^)) > exp{£^^(- [ W{Vv{x))dx -5)] (2.53) 

Jn 

for sufficiently small e. 

Proof, a) For the first claim we first observe that 
j 

with {Tj} denoting a triangulation consistent with piecewise linearity of w. Using 
the bound U{Xt-^(^a)) < C*(l + U^X^^^) + Rq) whenever Ti{A) is reaching over the 



18 



ROMAN KOTECKY AND STEPHAN LUCKHAUS 



boundaries of the linear parts of w and then applying Lemma 2.5(a) to evaluate each 
term ZTj{J\fTj,r{w, k/2) H Mtj,Ro,oo{w)), we get the sought bound with a constant 
proportional to e^'^'^^ which is smaller than 6 for sufficiently small e. 
b) For the second claim, we first notice (see Lemma 2.5(c)) that W{L) < C{1 + 
||L||'^). It follows that, if Wn is a sequence of piecewise linear functions such that 
/ |V(ti'„(x) — vi^x)]^ dx — )■ 0, then VFK/2(Viy„,(x)) is equiintegrable. Using the bound 
Wk/2{L) < Wk/4:{L) valid for \\L — L\\ < n/A, we conclude that 

lim j W^i2{Vwn{x))dx < j W^ii{Vv{x))dx < j W{Vv{x))dx. (2.55) 

□ 

2.5. Proof of Proposition 1.4. Consider v G VFQ^''^(f2) + L. According to Theo- 
rem 1.6 b), we have limK^-o liminfe^o -^^.^('y) < -pj- j^W{yv{x))dx with F^^eiy) = 
—e'^\Q\~^ log Zn^lAfu^^riv, n))- Using the obvious inequality 

ZnA^n.A^,2K) nAfn,,R,,ooiL)) < ZnA^n^,RoAL)) (2.56) 
and Interpolation Lemma, we get 

(2.57) 

In view of Proposition 1.2 thus 

limliminf F«,£(t;) = W{L), (2.58) 

implying the claim 

W{L) < /" W{Vv{x))dx. (2.59) 



n 



□ 



2.6. Non-convexity of the free energy. Let us briefiy discuss the fact that the 
free energy W{L) may be, in general, a non-convex function of L (Remark 1.5). 
The idea hinges on the fact that an addition, to the original Hamiltonian H^'^\ 
of a term in the form of a hugely non-convex discrete null Lagrangian leads to a 
directly computable addition to the original free energy Wo yielding a non-convex 
sum W{L). It suffices to assume that the free energy Wq is bounded from above and 
below, b < Wq{L) < B, for all L with ||L|| < 1. An example might be the potential 
U{X) = |VX(0)|^ for which Wo{L) ~ ||Lf . 

In more details, consider, for simplicity, the case d = m = 2. Let Q be a unit 
square Q = (io, ii, ^2, h) in (with io = (0, 0),ii = (1, 0), ^2 = (0, 1), and = (1, 1)) 
and, for any X e (M'^)«, let V{Xq) be defined by 

V{Xq) = |det(X(^i)-X(^o),X(22)-X(^o))+idet(X(^i)-X(23),X(^2)-X(z3)). 

(2.60) 
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Geometrically, V{Xq) yields the area of the rectangle (^X (io) , X (ii) , X (i^,) , X {i2)) . 
In particular, for an afiine map L, V{L) is the area of the deformed square L{Q). 
Thus, ^(id) = 1 for the identity map id, id(z) = i, and y(L^°^) = for the zero map 
L(o), L(o)(z) =0. 

Consider the Hamiltonian 

Hn^X) = < W+M Yl i^-nXr,iQ))) = <(X) + 

(2.61) 

where H^^{X) is the original Hamiltonian and M > is a constant. The crucial 
point is that the term is a discrete null Lagrangian (see e.g. [7]): the value of the 
additional term 

H*^^{X) = M Yl (1 - ^(^r,(Q))) (2.62) 

depends only on X in the boundary layer, H^^{X) = Hq^{X) if X|g^^^Q^ = X\q^^q^. 
More precisely, H^^{X) equals M(vol(id) — vol(X)), where vol(X) is the signed 
volume of the envelope of the set points X{i), i G Qe. 
We have 

Lemma 2.12. Let U be a potential whose corresponding free energy Wq is bounded 
from above and below, Wo{L) e {b,B), for every L such that \\L\\ < 1. Then the 
free energy W corresponding to the Hamiltonian H^^^ + H* is non-convex for M 
sufficiently large. 

Proof. Consider Li = id and L2 = —id. For any X G Afn^,Ro,oo{Li), we have 
H^^{X) = H^^{Li) + 0{e'^~^)\\Li\\ = 0{e'^~^) since the volume spanned hj X{i),i G 
differs from the volume spanned by at most by 0(£:'^~^)||Li||. Similarly 
H*^^{X) = Oie''-^) for any X G Afn.,Ro,ooiL2). Thus WiLi) = W^^^L^) and 
w(l2) = W^°\L2). Given that ^Li + = and H^^{X) = M\n,\ + 0{e) 
for every X G Afn,,Ro.oc{Lo), we get W{L^^^) = W'-^^L'-^^) + M >h + M > B > 
iW^(o)(Li) + iiy(o)(L2) = \W{Li) + \W{L2) once M> B-h. □ 

2.7. Proof of Theorem 1.10. We will use a particular case of the following Lemma 
formulated in an abstract setting. It is based on the following two standard facts. 
(1) Let A" be a topological space, /C^ CC X a sequence of its compact separable 
subspaces, and — )■ a sequence of positive numbers. Then the set of Borel 
probability measures with uniform tightness condition, 

Mi^e,) = {a e BC{Xy : < a, a(l) = 1, a{X \ /C^) < (2.63) 

is weakly compact. Here, as usually, a{X\lCi) = sup{a{(p) : (p G C{X), ip < IxxjcA- 



for L = 
M for L 



id. 
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Moreover, if we have a sequence /i„ of Borel probability mesures on X such that 
fini'^ \ ^e) < ^e. for all n > n{£), then a subsequence converges weakly to a Borel 
probability measure /i G -M-iee)- 

(2) Let Xi and X2 be topological spaces and Ki/ CC Xi and /C2,£ CC be 
sequences of separable compact subspaces and fi G BC{Xi x X2)* be such that 
lim^_^oo /^('^i X '^2 \ ^1/ X ^2/) = 0. Then there exists a weakly measurable map 
u: BC{X2y so tiiat 

^[(p)= j u^{ip{x,-))dfii, (2.64) 

J Xi 

where /ii is the marginal of fi. Moreover, ^'^(l) = \imUx{IC2/) for almost all x. 

Now, let {Sn, fin, S„) be a sequence of probabilities, Xi, X2, and Afs be topological 
spaces and }Ck,e CC X^, k = 1,2,3, be sequences of separable compact subspaces, 
and let A be a Borel probability measure on X3. Further, let a sequence of mappings 
Tn '■ Sn ^ X3 ^ Xi X X2 be given that are measurable with respect to the Borel 
cr-algebras on Xi, X2. 

We say that a sequence Tn fulfills a uniform tightness condition (with respect to 
probabilities x A and a sequence (e^), eg — j- 0) if 

A(A'3 \ /C3,,) + {fin X X){r~\iX, X X2) \ (/Ci,, X /C2,,)) < Be (2.65) 

for every £ and n > n{i). 

In this setting, the observations (1) and (2) lead to the following claim. 

Lemma 2.13. Given a sequence Tn fulfilling a uniform tightness condition, there 
exists a subsequence —J- 00, Borel probability measures 7 on Xi and A on X3 such 
that 

j{Xi \ /Ci,^) < Ei and \{X3 \ JCs/) < eg for all i, (2.66) 

and a mapping u : Xi x X2 ^ 'P{X2) that is weakly measurable (with respect to the 
weak topology of {^BC{X2)) ) satisfying 

< ,X3 ; ^Xi,X'3 

(1) = 1 and I i'xi,x-i{'^2\^2/)d-^{xi)d\{x3) < El (2.67) 

J XixX-i 

for almost all xi and X3, such that 

lim / ip{TnS'^,X3),X3)dfink{'^)d\{x3) = 
fe— >oo J 

x^^{xi,X2,X3)dv^^^^^{x2)\d'^{xi)d\{x-i). (2.68) 

'X1XX3 

for any bounded and continuous test function if on Xi x X2 x X3. 



Ixi 
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We will apply the above Lemma in the following situation. 

We take Xi = W^o'^(fi), X2 = BC{S)\ and = n (recall that S = {Wf/W^). 
Further, we consider the sets 

/Ci,^ = {ve Wo'^in) +u: \\Vv\\p < i}. (2.69) 

Note that by the Poincare inequality, )Ci^i is bounded in the norm topology of 
Wi^p{fl). To define /C2/, we first introduce the sets 

Sa,£ = {X eS: J2 |VX(Or < ^} (2.70) 

and 

iC2,£ = {/u e BC{sy: < /i, < i,supp/i c 5ajv,2jv|Ajvk ^^^^y (2-71) 

Here, (A^v) is the sequence of sets A^v = [—N, H Z"^. Then 

^2/ = {/X G BC{S)* : < /i, < 1, for any k 

there exists fik € /C2,2'=^ so that |/i — < 2"'^^^}. (2.72) 

Clearly, the sets ICi/, JC2/, and /C2/ are compact separable in the weak topology. 
Also, we take A, the normalized Lebesgue measure on Q, and 

/Cg,^ = n\ di/en = {xen: dist(x, an) > i/i}, (2.73) 

and for the probabilities (S'„,/i„, S„) we take Sn = S and yU„ = /^e„,n with — )■ 
as n — )■ oo. 

Finally, we introduce the family of mappings TJv.n : 5 x 17 — t- {Wq'^{Q) + u) x 
BC{Sy defined by 

rA,„(X,x) = (n,(X),/.A(- I rL./e„j(X)). (2.74) 

We will consider the sequences T\j^^ni first in n and then in TV, and show that they 
satisfy a uniform tightness condition. To this end we verify the following bounds. 

Lemma 2.14. There exist fixed constants c and £ such that, uniformly in A, 
(a) fie,u{{^ ^ ^- In \'^^e{X){x)fdX{x) > £}) < exp(-cfe-'^) and 

J iJ^{\VU,{X){x)f - t)+dX{x))diieM) < exp(-g££-'^) for any i > I 
(h) /^^^ /(I - %,J(/iA(- I rL./,j(X))d/i,,„(X)dA(x) < c(l + Hl-)| whenever 
edianiA <l/l. 

Proof. 

(a) is an immediate consequence of the assumption (Al) and Exponential Tightness 
once we observe that {X: Y^i^n, I'^^IOT > ^""^^l ^ Mr with ^ = 
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(b) Notice that X{di/iil) < Cq^-^^j in view of the condition (Aq). On several 
occasions we will use the DLR condition in the following form: whenever A C 
and /, g are measurable cylinder functions on S with g living on Z'^ \ A, then 

J fiAif I X)g{X)dfi,^^{X) = fiUfa)- (2.75) 

Using this (with g = 1) and assuming that ediamA < we have 

/ / fJ'Aif \rir,/e]{X))dne,u{X)dX{x) = 



(2.76) 



Taking / = Ib- , we get 

AjV,2™ + ''|Ajvl« 



/ hi - lic^^){fiAi- I Ti^/si{X))dfis,u{X)dX{x) < 
J K-^ g J 

(Ajv),2JV+*1Ajvk)'^-^(^) - 



< 

k 



<T.^'^" WT^e E \^X{^)fdf^sAX)dX{x)< 

k,N -^^-^ ierL,/,j(A„) 



< ^2-"""'' 1'-^ > w/xawdu.jx) < 

k,N 

k,N e>o ien^ 



< J2 2-^-'=/2| [thE + 1 + 2'^' exp(-g2¥£-'^)] < 

k,N e>o 

< I 2"^-^/2^Hl- + 1 + 2^2 2"') < 2V2(v^ + 1)(5 + ^)| (2.77) 



k, N e 

once i is large enough (and for e small enough) so that t'^e"^^'^ '^^ < 1 for any 
t > 0. □ 

Applying now Lemma 2.13, we get the claim (1.43) for any ip G BC{{Wq'^{Q.) + 
u) X BC{S)\, X Q). To extend (1.43) to a more general class of test functions, we 
will use the following Lemma. 
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Lemma 2.15. Let z^x,e(v^) = t^e,u{J<^f{'n-eiX), fij^{-\Ti^/^^{X)),x)dX{x)) . Consider 
the weak closure Ai of the set {z^Xe • ^^diamA < p}. Further, let 

ij : (Wo'^in) + u)x BC{S)X xn^R (2.78) 
be weakly continuous and such that for any 6 it fulfills the growth condition 

\ij{v,fi,x)\<r]{x)exp{c4Vv\\l)}fi{6gj, + C{6)) (2.79) 

with fixed A, gx^X) = J^i^aI^ ' V ^ Co{^) such that dist(supp?7, 9f2) > p, 
and a constant depending only on ip. Then, if for some G we have 

Un{(f) u{ip)forall!f G BC{{Wo'^{Q)+u)xBC{S)lxQ), then a/so z/„(^) -> uiip). 

Remark 2.16. Notice that, due to Poincare inequality, the set of test functions 
above is the same if we replace ||Vf||p in (2.79) by 

Proof Since ^min(l, ^) G BC{{Wo'^{n) + u) x BC{S)l x fi), it is enough to prove 
that 

u{{ip - < u{i) with hm = (2.80) 
uniformly in z/ G A^. For any A; > 0, let us decompose ijj as follows, 

ip = ipl\\vv\\p<k + ipl\\vv\\p>k- (2.81) 
For the first term, we notice that 

|V^(t;,/i,x)|]l||v.||^<fc(t;) < vi^)e'^''{C{S) + 6fi{gA)), (2.82) 

implies 

{ij{v, /i, x) - i)+l\\^,\\.<kiv) < Sri{x)e'^''pigA) (2.83) 

once i > i{k,6) = \\r]\\e'^'^^C{6) and thus, for = i^Xe with dist(supp r/, 9^2) > 
e diamA, we get 

i/((V'-^)+]l|iv^||^<fc) <Se'^'' J {J r]{x)fix{gA\Ti^/ei{X))dX{x))dfi,^u{X) = 

= 6e'^' J r]{x){ J gr,^^^^A{X)dpeA^)) d\{x) < 6e'^''\\r]\\\A\C (2.84) 

with C denoting the bound on J || Vn^XUpCi/ig ,i(X) (cf. Lemma 2.14 (a)). Here, we 
first used that / ^i;f^{gA\Tix/e\{X))dfie,u{^) = l^e,u{gK o T\x/e\) similarly as in (2.76) 
and then bounded j T]{x)gr^^^^^A{X) d\{x) < M\A\e'^T.i^n, \^X{i)f. 

Further, we will slice %l)l.w^^\\vyk = Z]j>o ^2^/= ^i^h the functions i>n = ?/'ln<||v^;|j^<2n 
satisfying the bound (with 6 = 1), 

|^n(^,/i,x)| < r/(x)e2^*"(/i((7A) + C(l))]l„<||v.r<2n(t^). (2.85) 
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In preparation for the evaluation of i^(^/'n) = '^Xel'^")' (AU A)i to denote the 

1-neighbourhood of A U A and for any X,Y E (W^)^'' we bound 

9A{y)\<\\Vn,iX)\\P<2n{X) < 
< (fi'A(^)-5'(AuA)i (t lx/e\ (^)) + ]ln<||Vn,(X)||p(^)+fl'(AuA)i [x/e] (^))ln<||Vn,(X)||P<2n(^) < 

< ^?A(l^)Il„/2<||vn,(x)||^-e<',^^^^^^,;,,^,^(x)(^) + i9AiY) - 6-^n/2)++ 

+ fi'(AuA)i lx/e\ {^))\<\\^n,iX)\\P<2n{X)- (2.86) 

Notice that ||Vn,(X)||;; - e''g^^^^^^^^^^^^{X) = e''g^^^^^^^^^^j,^^^^{X) and thus the 

right hand side above actually does not depend on X{i),i e t^x/i;^{A U A). As a 
result, using (2.75) we get 

J f^A{gA\^[x/e\{X))ln<\\\/n,{X)\\P<2ndf^e,ui^) < ^e,u{{gA O ri^/s\)Xi/2<\\^n,{-)\\p) + 



+ f^e,u{i9 A °n^/si-e V2)+)+ J ^(XuA)i(n^/ej(^))]ln<||Vn,(X)||P<2n(^)c^/ie,«(^) 

(2.87) 

Hence, onceediamA < dist(supp 77, (9f2), we bound i/('i/^„), up toaprefactor e^'^'''"'^||r7||, 
by 



(C'(l)+2ri|AuA|]l„<llvn,(x)||^(^)+2|A|||Vn,(X)||;:]l||vn,(x)||^+>n/2(X))rf/i,,„(X) 

(2.88) 

Thus, for n large, 

^i^n) < e2'=^""||77|| ((C(l) + |A U A|2n)e-^"""' + C\A\e~^''/^'~') (2.89) 
implying the claim. □ 

To show that the family u^^y of Young measures has support in the set of Gibbs 
measures, observe that /i G ^ iff 

fi{fiA{f\-))-fi{f) = ^AAfi)=0 (2.90) 

for any finite A and any cylinder function / living in A. Noticing that ip\j is a 
bounded test function, ip/^j e BC{{Wq^{Q) + u) x BC{S)*^ x Q) we just have to 
verify that 



^'a,£(¥'aj) = I J^VAj{f^xi-\nx/e\{X))dX{x)dfi,AX) = 

{fijiMf\-)\rix/e\iX)) - fi~^if\T^^,/,i{X)))dX{x)dfiUX) = (2.91) 
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since /i^(/iA(/|-)|rL^/ej (X)) = fi^{f\Ti^/e]{X)) once A C A. 

To show that /E^(VX(0)) dh'x,v{fJ') = Vf(x), we use the test function 

ip{v, /i, x) = r/(x)E^(VX(0) - Vv{x)) (2.92) 
with 7] E C^{^1)'^^'^ and observe that 




< 



7]{x) [ [VX{[x/e\)-V{U,{X)){x)]dfie,u{X)dX{x) 



< 



< 



< const£||Vr/|L/i,,,(||Vn,(X)||J. (2.93) 

The last estimate is vahd for the hnear interpolation; for a more general case, || Vr/H^^ 
will be replaced by ||V^?7||^. 

Finally, to show that i^j, ,j,(|VX(0)|^) < oo, we can use the function ipk{y,^,x) = 
n{min{k, |VX(0)|^)) as a test function yielding the bound uniform in k. □ 

Appendix A. Technical Lemmas 
We begin with a technical Lemma that will be useful on several occasions. 
Lemma A.l. 

Let a > and A G fie be connected (when viewed as a subgraph of Z'^ with the set 
of edges consisting of all pairs of nearest neighbours {i,j), \i — j\ = Then: 

a) We have 

I ll{,},y(X)exp(-a^|VX(2)|^) \{dX{i) < uj{m){a-'^''Pc{p,m))^^^~\ (A.l) 

where j G A and ll{j},y is the indicator of the set {X G (M™)^ | \X[i) — y\ < 1} and 
uj{m) is the volume of the unit ball in W^. 

b) For any v G U'{VL,W^) and e sufficiently small, 

I exp(-a^|VX(z)|P) JJrfX(z) <^?|A|'+^(a-'"/Pc(p,m))'^''\ (A.2) 

where "d = a;(m)K™ and c{p,m) = f^^ exp(— |^|^)(i^. 
Proof, a) Consider a tree t rooted at the site j. Then 

-^|VX(z)r<- J2 \X{z)-X{j)\^. (A.3) 

and thus 

/I A I — 1 
l^j}^y{X)exp{-aY,\^X{i)f)Y[dX{{) < u{m).(a-"'/Pc{p,m)^ (A.4) 
ieA ieA 
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b) The set A is connected and can be covered by a spanning tree t implying (A. 3). 
Further, we clearly have N'A,r{v, k) C Uj(zn^N'r''\v, k) with 

K^^\v,k) = {X:A^ R"^\\X{j)-X,,,{j)\ < «:|Ap}. (A.5) 
Considering the tree t as rooted at j, we get 

[ exp(-a V|VA:(i)n rr rfX(i) < w(m)ft"^|A|^fa-'"/^c(p,m))'^'~' 

(A.6) 

implying the claim with the help of a). □ 

Remark A. 2. An immediate consequence of Lemma A.l a), under the assumption 
(Al), is the hound 

Z^XJ^nA'^^K)) < ^?|1],|^+^(c-"^/Mp,H)"'-^'~'- (A.7) 

Proof of Exponential Tightness Lemma. 

The bound Hq^X) > K\Qe\ and (Al) implies that 

-Hn^X) < - |c 5^ |VX(j)r (A.8) 

for all X G Mr- Hence, 

,Ro,oo 

<exp{-lK\n,\) f exp(-|cj] \VX{j)\'^) H dX{z) (A.9) 

Consider the set = {j G 'L'^\Tj{A) C ^e}- For sufficiently small e, the set 
n° is connected, < Cai?oe""'+^|51]| and fiO n SR,{n,) ^ 0. Thus, X G 

■^n„Ro,oc{Xu,e) implies that \X{j) - ^^^^(j)! < 1 for every j G fi°nS'jj„(fiJ. Hence, 
using Lemma A.l a) to bound the integral on the right hand side, we get 

f exp(-ic5^ \VX{j)\^)\{dX{^< 

Tj{A)<Zn^ 

< u{m) [iir^'cip, m)] ^e^p^H)CeRos-^^^iani ^^^^^^ 
once e < eo with Eq = eo{K,r) = (K(f)~"^^^c(p,m)-^/") Thus 

^f7,(A^/rnA4,,,,(u,K)) <exp(-iK|l],|)[2(^)™/^c(p,m)j"'''. (A.ll) 
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Here, we also used the bound exp(— ^/i l^gl) ^s^y'^^^ r'^'^^^o^ \^^\ ^ valid when- 
ever 



K > £|log(^)| m(l + ^)4Ca/2o^. (A.12) 



For the second bound we derive 

ZnAMKnAfn^^riu,^)) < exp{-'^K\Q,\) f exp(-ic ^ |VX(j)r) H 

Tj(A)cns 

(A.13) 

in a similar way, using the fact that X G J^n.,r{u, implies that \X{i) — ^u{ei)\ < 
-+- 

Avlfigl for every i E and applying Lemma A.l b) to bound the integral on the 
right hand side. We also assumed that e is sufficiently small so that '&\fle\ ^ 
2l^-l. □ 

Proof of Interpolation Lemma. 

Fixing parameters 77 > and G N, we slice the strip {drfV)e into strips of width 
In particular, we pick up i? = R{e) so that R > 2Rq and 77 = NeR and partition 

the set A/h„r(M, = U^'^^TV;^^^. with 

(A.14) 

where Sn^+kR = Sn^+kRi^e) is the strip SR^+kR = {i e n,: e Mist(d,(]'^) < Rq + 
kR}. To see that, indeed, Afu^^riu, k) C ^k=i-^^^\'^^ '^)' suffices to show that any 
X from the set Mn,,r{u.,n) \ U^^^A/'r'^'*(w, fi:) would necessarily satisfy Hsj^j^{X) > 
Hq^{X) which is contradiction due to nonnegativity of U{Xa)- Further, introducing 
the function 

Ok{i) =min(l,/2~^(£"Mist(d,fi^) -i?o- (fc- l)i?)+) (A. 15) 

on fls interpolating between 1 on f2e \ Su^+kR and on Sjig+(k-i)R, we define, for any 
X G (W^)^- and Y G (M™)^^« the function Tfc(X,F) G (W^)^- by 

Tk{X,Y)(t) = Ok(t)Xi^) + (1 - Okit))Y(t). (A.16) 

It is interpolating between Tk{X, Y){i) = X{i) on ^e\SRo+kR and Tk{X, Y){i) = Y{i) 
on S'R(,+(fc_i)R. 

Let Z G Mn^riu.K) and consider X G Ui^''\u,K) and Y G Us^^UZ)- For 
the completeness of the argument, let us first show that Tk{X,Y) G AQ^,r(w,3K) fl 
A/'n^,_Ro,oo(^) for each 1 < k < N — 1. Indeed, extending Y to Vt^ by taking Y{i) = 
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Z{i) on fig \ S]\f{i and using that X, Z E JVa^^ri^, k), we get 

< \\Ok{X - X„,,)||,.(^^) + 11(1 - OkW - + 11(1 - Ok)iZ - < 

< (2k + \SNR\^\^er^^^)\^e\^^^ < 3fi;|fi,|^+i (A.17) 



Here, we first bounded 

\SMR\'m-^"' < (CaiVi2|9fi|5-(^-i))'|fir^-V+' = ^r/^(^)' (A.18) 

with f] = NRe and assumed that e is sufficiently small to assure that, with fixed rj, 
the right hand side above does not exceed k. 

The main idea of the proof is to introduce a new integral quantity that serves as an 
upper bound to the left hand side of (2.10) and, in the same time, as a lower bound 
of its right hand side. To be more precise, for verification of an inequality of the form 
(2.10) with the integral on the left hand side restricted to N'r^\u, k), we "double the 
variables" and introduce the following integral over (M™-)*^^ x (W"')^^o+kR ^ 

= [ exp{-HnATk{X,Y))-a |VX(j)r) J] ^^(^) H ^^(^■)- 

(A.19) 

First, let us attend to the lower bound on I^. For the terms U(Tk{X,Y)T-j(^A)) 
contributing to HQ^(Tk{X,Y)) we consider 3 cases: 

(i) If T,{A) n SR,+kR = 0, then U{n{X,Y),^^A)) = U{X,^^a)). 

(ii) If Tj{A) n {SB^+kR \ SRo+(fc-i)/j) 7^ 0, then, by assumption (A2), 

t/(T,.(X,F).^(^)) < C{l+UiX^^^A))+UiY^^^A))+ Yl mt)-OkU)nX{i)-Y{i)\'-). 

i&Tj (A) 

(A.20) 

In this inequality we used the fact that 
T,(X, Y)i{} = Okij)Xi{} + (1 - OkUWit) + (Okit) - OkimXit) - F(0). (A.21) 

Again, for i ^ Snr, we have Y{i) = Z{i). 

(iii) If T,{A) C Sko+(fc-i)i?, then U{Tu{X,Y)r^^A)) = UiYr^^A))- 

The terms a|VX(j)|^ in the integrand of are, according to (Al), bounded as 

a|VX(j)r <f/(X.,(A)) (A.22) 

for any j G S^^^kR and a < c. As a result, using also the assumption (A2) in the 
form (1.11), 

t/(K,(A)) < C(l+f/(Z.^(^))+ Y inO-^WD <C(l+f/(Z.,(A))+/2^), (A.23) 

i^Tj (A) 
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we are getting the following bounds for the terms 

L, = UiUX, F).^.(^)) + a]l,e5«,+.jVX(j)r (A.24) 

in the 3 cases as above: 

(i) L, < f/(X.^,(^)), 

(ii) L, < (1 + C)U{Xr^^A)) + C\l + U{Zr^(A)) + Rt) + C+ 

+CY.^erM) \0k{i)-e,{3)nX{^-Y{^\\ 

and 

(iii) L.J < U{X,^^A)) + C(l + f/(Z.,(A)) + <). 

Then, for any X G N'r^\u, k) \ Aip^ and with a = c (and assuming that C > 1), 
we have 

Ha^iTkiX,Y)) + c J2 <HnAX) + C§\n\e-''+ 

+ C' U{Z,^^A))+5\SNR\+CRt+^{^y{2Ky\n\'+"^e-' (A.25) 

with c = C^(l + C + Rq) + C. Here, for the last term, we used the following estimate 
with the Y.j taken over all j : Tj{A) fl {SR^+kR \ 5^o+(fc-i)i?) 0, 

5^ 5^ \0,{z)-0,{j)nX{z)-Y{z)\^< 

j iGTj{A) 

< R^o'^''R~''{2K\n,\r^-^y = V^(2K)nf^r^^. (A.26) 

To get this, we first used that \0k{i) — 0kij)\ < ^ for any i G Tj{A) since diamA < 
Rq and then applied the bound from (A. 17) assuming that e is sufficiently small (in 
dependence on k and 77). As a result, we get 

i^Sn^^kR J'^Smr 

(A.27) 

with 

C = msix{C\Q\,cCa\dQ\,R^-^''r\Q\^-^-^,C^). (A.28) 
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Thus, finally, 

rj(A)cn£ 

(A.29) 

For the upper bound of the integral Ik, we use the substitution defined as identity 
on (M™)'^A'SRo+fc-R, and, on the remaining (M™)^«o+fc« x (M™)"5«o+fe«, pointwise by the 
mapping : x -> R"' x R"' introduced by 

m, = (Okii)^ + (1 - Okim, for z e Sno+kR \ SR,+(k-i/2)R (A.30) 
and by 

C) = + (1 - O^m, for ^ e Sn,+ik-i/2)R. (A.31) 

Notice that 

|detD$,|-' < 2^1,^s,,,,^\s,,,,,,^,,, + (A.32) 
Since Tk{X, Y) e Afn.A^^ ^k) n Afn,Mo,oo{Z), we have 

X (2c-'?c(p,m))"'«°+"=-^''^'^'. (A.33) 
Here, the last factor arises as the bound on the integral 

f exp{-c Yl |V^(^)r} n ^^(^) 

according to Lemma A.l a) with 

^|5HoH-(.-|)/?r^'"^'(c""c(P'"^))""°"'^'"^^^'"'"' < (2c-^c(p,m))l"«o-'-^/^'«l (A.35) 
valid for e sufficiently small (estimating |SRp+(fc_i/2)_R| > |5fjQ+i/}| ~ e^'^^^R = t^^""'- 

Combining (A.29) with (A.33) for each of — 1 integrals over J\fr^\u, k) \ M.k, 
we get 

ZnAJ^nAu,K)\MK) < 
<exp{C((f+r;+(^)0)5-'^+ U{Z,^^a)))] Z^XJ^^^Au,2K)nMn,^R,UZ)). 

j&SffR 
Tj{A)Cfle 

(A.36) 

Here we bounded the prefactor — 1 (the number of terms with k = 1, . . . ,N — 1) 
combined with the factors in (A.33) by 

N{u{m)2"'+^c-fc{p, m)) < e§^^'^"' (A.37) 
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with a constant C = 3 max(C, Ca|9r2| log(cj(m)2'""'"^c pc{p,m))). We used the 
bound \Snr\ < Cg\dn\e~'^^-^NR = Cg\dil\e^^ri and bounded, for e sufficiently small, 
the term N = e(^'i°g^)^"' by exp{iCr/e-'^}. 

According to Lemma 2.1, we have Zn^{MK^J^n^,r{u, n)) < e'^^l'^^'i^'^'^L Hence, 

ZnA^n.A^^ ^) n Mk) < ^ZnM.A^^ ^)) (A.38) 

once we choose K = logD + £'^^-^ + Fi^,e{u)- Then, multiplying the right hand side 
in (A. 36) by 2, we can replace Zn^{J\fn^^r{u, k) \Mk) by Zo^(A/'o,,r(M, «)), yielding 
the claim with a slight increase of C and with 6 = 1+ log D for sufficiently small 
e. ^ □ 
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